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Abstract. It was established in [1] that bifurcations of three-dimensional diffeomor-
phisms with a homoclinic tangency to a saddle-focus fixed point with the Jacobian equal
to 1 can lead to Lorenz-like strange attractors. In the present paper we prove an analogous
result for three-dimensional diffeomorphisms with a homoclinic tangency to a saddle fixed
point with the Jacobian equal to 1, provided the quadratic homoclinic tangency under
consideration is non-simple.
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Introduction
In this paper we describe a new class of homoclinic tangencies whose bifurcations lead to
the birth of strange attractors. We call the attractor that appears in the Poincare map
of a periodically perturbed flow with a Lorenz attractor a discrete Lorenz attractor. A
theory of such attractors was built in [2]. They can emerge in a wide class of maps which
do not need to be directly linked to periodically perturbed flows. Thus, a discrete Lorenz
attractor was first found in [3] for the three-dimensional He´non map
x¯ = y, y¯ = z, z¯ =M1 +Bx+M2y − z
2, (0.1)
where it exists for some open domain of the parameters (M1,M2, B) adjoining to the point
(M1 = −1/4, B = 1,M2 = 1) where the map has a fixed point with the triplet of multipli-
ers (−1,−1,+1). It is shown in [4] that the normal form for the bifurcations of such fixed
point is the Shimizu-Morioka model subject to exponentially small periodic perturbation;
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the Shimizu-Morioka model has a region of parameter values which corresponds to the
geometrical Lorenz attractor [5, 6], therefore it is quite typical for a map undergoing the
bifurcation of (−1,−1,+1) to have a discrete Lorenz attractor. Indeed, these attractors
were further found numerically in several types of generalized 3D He´non maps [7], and
in models of non-holonomic mechanics such as Celtic stone [8], see also [9, 10]. Simple
universal bifurcation scenarios that lead to a discrete Lorenz attractor are described in
[11, 12].
Discrete Lorenz attractors belong to the class of the so-called wild hyperbolic attractors
[13] which admit homoclinic tangencies and, hence, contain wild hyperbolic sets [14],
however, bifurcations of these tangencies do not lead to the birth of periodic sinks. The
main reason of this for discrete Lorenz attractors is that they possess a pseudo-hyperbolic
structure. This, very briefly, means that the differential Df of the corresponding map
f , in the restriction onto an absorbing neighbourhood D of the attractor, admits an
invariant splitting of the form Essx ⊕ E
uc
x , depending continuously on the point x ∈ D,
such that Df is strongly contracting in restriction to Ess and expands volume in Euc
(see [13, 2] for more detail). This property is robust and prevents from the existence of
stable periodic orbits, therefore the discrete Lorenz attractors preserve “strangeness” at
small smooth perturbations. This distinguishes them from numerous “physical” attractors
(quasiattractors in the terminology by Afraimovich and Shilnikov [15]), such as He´non-like
attractors, spiral and screw attractors (Ro¨ssler attractors, attractors in the Chua circuits)
etc., in which periodic sinks (of arbitrary large periods) can appear under arbitrary small
perturbations.
The fact that strange (e.g. Lorenz-like) attractors can appear at the bifurcations
of homoclinic tangencies in multidimensional case was announced yet in [16]. In [1] it
was shown that the discrete Lorenz-like attractors appear at the bifurcations of three-
dimensional diffeomorphisms with a homoclinic tangency to a saddle-focus fixed point
with the Jacobian equal to 1. Analogous results were obtained in [17, 18, 19] for the
bifurcations of three-dimensional diffeomorphisms with a nontransversal heteroclinic cycle
containing two fixed points, one with the Jacobian less than 1 and the other with the
Jacobin greater than 1.
Note that in all these papers it was assumed that at least one of the fixed points is a
saddle-focus (i.e. it has a pair of complex conjugate multipliers inside the unit circle and
one real multiplier outside). This, along with the conditions on the Jacobians of the fixed
points, means that the so-called effective dimension de of the problem (see [20]) is equal
to 3, which is necessary as the discrete Lorenz-like attractors can exist only in three- and
higher-dimensional diffeomorphisms.
In the present paper we study the case of a quadratic homoclinic tangency to a fixed
point O of saddle type, i.e. we assume that all three multipliers of the fixed point are real
and different. Then, as it is known from [16, 20, 21], to have the effective dimension of
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the corresponding problem equal to 3, we need to assume that (i) the Jacobian J at the
fixed point is equal to ±1 and (ii) the quadratic homoclinic tangency is non-simple (see
Definition 1 in section 1).
The first studies of a codimension-two non-simple homoclinic tangency were performed
in [21] where it was called a generalized homoclinic tangency. The notion of a simple
quadratic homoclinic tangency (a variant of the so-called quasitransversal homoclinic in-
tersection [22]) was introduced in [16]. For three-dimensional maps with a homoclinic tan-
gency to a saddle fixed point O with multipliers νi, i = 1, 2, 3 such that |ν1| < |ν2| < |ν3|,
the simplicity implies the existence of a non-local two-dimensional invariant manifold,
for the map itself and for all C1-close maps. This manifold contains all orbits entirely
lying in a small fixed neighbourhood of the homoclinic orbit. If the point O has type
(2,1), i.e. |ν1,2| < 1 < |ν3|, this manifold is attractive; if the point O has type (1,2), i.e.
|ν1| < 1 < |ν2,3|, the manifold is repelling. It follows that neither periodic nor strange
attractors can be born at the bifurcation of a simple tangency if |ν2ν3| > 1. However, as
it was shown in [21], if the tangency is non-simple, then periodic attractors can appear
provided |J | = |ν1ν2ν3| < 1, see also [23] where the case of a saddle point of type (2,1) was
considered in more detail. These results are important for the theory of dynamical chaos
since they show that the non-simple homoclinic tangencies can destroy “strangeness” of
attractors as they may lead to the birth of periodic sinks.
Let f0 be a three-dimensional orientable C
r-diffeomorphism, r ≥ 3, satisfying the
following conditions:
A) f0 has a saddle fixed point O with multipliers λ1, λ2, γ such that 0 < |λ2| < |λ1| <
1 < |γ| (a saddle of type (2, 1));
B) The Jacobian J1 ≡ λ1λ2γ of f0 at the fixed point O is equal to 1 (a saddle of
conservative type);
C) the unstable manifold W u(O) has a quadratic tangency with W s(O) at the points
of some homoclinic orbit Γ0;
D) the tangency is non-simple (see Definition 1) and nondegenerate.
Diffeomorphisms close to f0 and satisfying conditions A–D compose, in the space of
Cr-diffeomorphisms, a locally connected bifurcation surface of codimension 3. Thus, in
order to study bifurcations of f0, we need to consider, first of all, three-parameter generic
unfoldings; the parameters must control the unfolding of degeneracies given by the con-
ditions B, C, and D. Let fµ be such a family, where µ = (µ1, µ2, µ3). We choose the
parameters as follows: µ1 is the splitting parameter (which controls condition C); µ2 con-
trols condition D) in such a way that, at µ1 = 0, the tangency becomes simple for µ2 6= 0;
and µ3 controls the Jacobian at O, i.e it can be taken equal e.g. to µ3 = 1− λ1λ2γ. The
main result of the present paper is the following
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Main Theorem. Let fµ be the three-parametric family under consideration (f0 sat-
isfies A–D and fµ unfolds the degeneracies given by conditions B, C and D in a generic
way). Then, in any neighbourhood of the origin µ = 0 in the parameter space there exist
infinitely many domains δk, where δk → (0, 0, 0) as k →∞, such that the diffeomorphism
fµ has a discrete Lorenz-like attractor at µ ∈ δk.
The method of the proof is as follows. For the diffeomorphisms fµ we construct first-
return maps Tk(µ) defined in some neighbourhoods σ
k
0 near a point of orbit Γ0; there are
infinitely many such σk0 depending on the return time k, k = k¯, k¯ + 1, . . . . Further, we
rescale coordinates and parameters and show that, for every sufficiently large k, there is
an open domain ∆k of values of µ such that (i) ∆k → (0, 0, 0) as k → ∞ and (ii) the
first return map Tk(µ) for µ ∈ ∆k, in the rescaled coordinates (x, y, z) and parameters
(M1,M2, B), takes the form (0.1) up to terms that are asymptotically small as k → ∞.
It is important to note that the rescaled coordinates and parameters can take arbitrary
finite values (all positive values for B) as k grows. Thus, we can apply the results from
[1, 3] about the existence of discrete Lorenz-like attractors in the 3D He´non map (0.1)
and, hence, deduce the existence of such attractor for the map Tk(µ) for µ ∈ δk ⊂ ∆k.
In fact, our analysis provides useful results on global bifurcations in another interesting
case of a non-simple homoclinic tangency. Namely, consider an orientable diffeomorphism
g0 which has a saddle fixed point with real multipliers λ, γ1, γ2 such that 0 < |λ| < 1 <
|γ1| < |γ2| and λγ1γ2 = 1 (a conservative saddle of type (1,2)). Suppose also that g0 has
a quadratic non-simple tangency at the points of some homoclinic orbit Γˆ0. Then we can
assume that g0 = f
−1
0 and, thus, one can obviously use bifurcation results obtained for f0.
However, there is an essential difference in the interpretation of results. Namely, the Main
Theorem gives, for g0, only the existence of discrete Lorenz-like repellers, not attractors.
As gµ is inverse to fµ, the first-return maps Tˆk for gµ are inverse to the first-return
maps Tk for fµ and, thus, in the corresponding parameter domains, the rescaled map Tˆk
is close to the inverse of (0.1), i.e. to the map
x¯ = y, y¯ = z, z¯ = Mˆ1 + Mˆ2z + Bˆx− y
2, (0.2)
where Bˆ = B−1, Mˆ1 =
M1
B2
, Mˆ2 = −
M2
B
.
Map (0.2) is well-known in homoclinic dynamics, see e.g. [16, 21, 24, 25]. When
Bˆ = 0 map (0.2) becomes two-dimensional: the variable x decouples and we have (for the
coordinates y and z) the map of the following form: y¯ = z, z¯ = Mˆ1 + Mˆ2z − y
2. This
map is called Mira map; its dynamics was extensively studied, see e.g. [26]. In particular,
at certain parameter values this non-invertible two-dimensional map may have a strange
attractor with two positive Lyapunov exponents [27, 28]. Numerical experiments in this
case suggest that the non-robust strange attractors that have the sum of their Lyapunov
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exponents positive form a set of large measure in the parameter plane. Numerics also
shows that this property, to have two positive Lyapunov exponents, is inherited by the
map (0.2) with B 6= 0. The chaotic dynamics of map (0.2) was studied e.g. in [11] where
it was shown (using the results from [29]) that map (0.2) possesses strange attractors
(quasiattractors) of spiral type, i.e. those containing a saddle-focus fixed point with
two-dimensional unstable manifold. The question of the existence of genuine strange
attractors (e.g. discrete Lorenz attractors), is open for map (0.2), though this problem is
very interesting.
The contents of the paper is as follows. Section 1 contains the statement of the problem
and all necessary definitions including the definition of two types of non-simple homoclinic
tangencies. In Section 2 we construct the first return maps Tk and formulate the main
technical result, Rescaling Lemma 1. Proof of Lemma 1 is given in Section 3.
1 Statement of the problem and main definitions
Let f0 be a three-dimensional C
r-diffeomorphism, r ≥ 3, satisfying the conditions A)–D).
We embed f0 into a three parameter family fµ (general unfolding under conditions B)–
D)) with the parameters (µ1, µ2, µ3) described as above. We choose a sufficiently small
fixed neighbourhood U ≡ U(O ∪ Γ0) of the orbit Γ0. Note that U is a union of a ball U0
containing the point O and a number of balls surrounding those points of Γ0 which lie
outside U0.
Denote by T0(µ) the restriction of the diffeomorphism fµ onto U0. The map T0 = fµ
∣∣
U0
is called a local map. It is known, [25, 30, 31, 32], that T0(µ) can be represented in some
Cr-smooth local coordinates (x1, x2, y) from U0, smoothly (C
r−2) depending on µ, in the
following main normal form:
x¯1 = λ1(µ)x1 + H˜1(y, µ)x2 +O(‖x‖
2|y|)
x¯2 = λ2(µ)x2 + R˜2(x, µ) + H˜2(y, µ)x2 +O(‖x‖
2|y|)
y¯ = γ(µ)y +O(‖x‖|y|2),
(1.1)
where H˜1,2(0, µ) = 0 , R˜2(x, µ) = O(‖x‖
2).
We note that, in these coordinates, the local invariant manifolds, stable W sloc, unstable
W uloc and strong stable W
ss
loc, of the point O are all straightened in U0: their equations are
as followsW sloc(O) : {y = 0},W
u
loc(O) : {x1 = 0, x2 = 0} andW
ss
loc(O) : {x1 = 0, y = 0}.
The intersection points of Γ0 with U0 belong to the set W
s ∩W u and accumulate at
O. Thus, infinitely many points of Γ0 lie on W
s
loc and W
u
loc. Let M
+(x+1 , x
+
2 , 0) ∈ W
s
loc
and M−(0, 0, y−) ∈ W uloc be two of such points and let M
+ = fn00 (M
−) for some positive
integer n0. Let Π
+ ⊂ U0 and Π
− ⊂ U0 be small enough neighbourhoods of the points M
+
and M−, respectively. The map T1(µ) ≡ f
n0
µ : Π
− → Π+ is called a global map.
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Figure 1: A part of the strong stable foliation F ss containing the strong stable manifold W ss; and a
piece of one of the extended unstable manifolds Wue containing Wu and being transversal to W ss at O.
In order to formulate explicitly conditions C and D on the homoclinic tangency we
recall first some important facts from the theory of invariant manifolds [30, 33].
When the condition A is fulfilled, in U0 there exist the so-called extended unstable
manifolds W ue(O), see Fig. 1 where an example of such a manifold is presented. There
are infinitely many (continuum) such manifolds, they are only C1+ε-smooth in general.
In the case under consideration, all W ue(O) are two-dimensional, contain W u and touch
at the point O the eigendirection of Df0 corresponding to the multiplier λ1 — the line
{y = 0, x2 = 0} in coordinates (1.1). Thus, each W
ue
loc(O) has the equation of form
x2 = ϕ(x1, y), where ϕ(0, y) ≡ 0 and ϕ
′
x1
(0, 0) = 0. Note that in coordinates (1.1) all the
manifolds W ue(O) have the same tangent plane {x2 = 0} at each point of W
u(O).
Another fact we use is the existence of a strong stable invariant foliation, see Fig. 1.
Recall thatW s(O) contains the one-dimensional strong stable submanifoldW ss(O), which
is invariant, Cr-smooth and touches at O the eigenvector corresponding to the strong
stable (nonleading) multiplier λ2. Moreover, the manifold W
s(O) is foliated near O by
the foliation F ss which is Cr-smooth, unique and contains W ss as a leaf. As we said
before, in coordinates (1.1), W ssloc(O) has the equation {x1 = 0, y = 0} and also the
foliation F ss on U0 consists of the leaves {x1 = const, y = 0}.
Denote the tangent plane to W ue(O) at the point M− as P ue(M−). By our condition,
the curve T1(W
u
loc ∩ Π
−) has at µ = 0 a quadratic tangency with W sloc at the point M
+.
Definition 1 The homoclinic tangency under consideration is called simple if T1(P
ue(M−))
intersects transversely the leaf F ss(M+) of the foliation F ss containing the point M+. If
this condition is not fulfilled we call such quadratic tangency non-simple.
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Figure 2: Two types of nondegenerate non-simple quadratic (homoclinic) tangency: (a)Wue is transver-
sal to W s
loc
and touches the leaf F ss(M+); (b) Wue is tangent to W s
loc
and the curves Wu and F ss(M+)
has a general intersection at M+.
According to [21] we define two general cases of non-simple homoclinic tangencies:
Case I. The surface T1(P
ue(M−)) is transversal to the plane W sloc(O) but is tangent to
the line F ss(M+) at M+.
Case II. The surfaces T1(P
ue(M−)) andW sloc(O) have a tangency atM
+
1 and the curves
T1(W
u
loc(O) ∩ Π
−) and F ss(M+) have a general intersection.
Thus, in Case I the tangent vectors lu to T1(W
u
loc) and lss to F
ss
1 (M
+
1 ) are collinear,
while in Case II these vectors have different directions, see Fig. 2 (a) and (b).
2 Calculation of the first return maps Tk(µ).
We consider on U0 the local coordinates (x1, x2, y) in which the map T0(µ) has the form
(1.1). Let {pi(xi1, xi2, yi)}, i = 1, 2, . . . , k, be such points in U0 that pi+1 = T0(pi). Then,
by [25, 30, 32], we can represent the map T k0 : U0 → U0 in the so-called Shilnikov cross-
form as follows.
xk1 − λ
k
1(µ)x01 = λˆ
kξk1(x0, yk, µ)
xk2 − λ
k
2(µ)x02 = λˆ
kξk2(x0, yk, µ)
y0 − γ(µ)
−kyk = γˆ
−kηk(x0, yk, µ),
(2.1)
where λˆ and γˆ are some constants such that 0 < λˆ < |λ1(µ)|, γˆ > |γ(µ)| and functions ξk
and ηk are uniformly bounded along with all derivatives up to order (r − 2). Moreover,
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‖xk‖Cr−1 = O(λ
k
1), ‖y0‖Cr−1 = O(γ
−k), ‖xk, y0‖Cr → 0 as k →∞, see [23] for more details.
To construct the global map T1 we use the facts that when µ = 0 we have T1(M
−) =
M+, where, recall, M+ = (x+1 , x
+
2 , 0) and M
− = (0, 0, y−) is a pair of points of Γ0, and
T1(W
u
loc) and W
s
loc have a quadratic tangency at the point M
+. Accordingly, the global
map T1 at all small µ can be written as
x¯1 − x
+
1 = a11x1 + a12x2 + b1(y − y
−) +O(‖x‖2 + (y − y−)2)
x¯2 − x
+
2 = a21x1 + a22x2 + b2(y − y
−) +O(‖x‖2 + (y − y−)2)
y¯ = y+(µ) + c1x1 + c2x2 + d(y − y
−)2 +O(‖x‖2 + ‖x‖|y − y−|+ |y − y−|3)
(2.2)
where y+(0) = 0 and coefficients a11, . . . , d as well as x
+ and y− depend smoothly on µ.
Note that since the homoclinic tangency at µ = 0 is quadratic, we have d 6= 0. Moreover,
map T1(0) is a diffeomorphism, therefore
J1 = det


a11 a12 b1
a21 a22 b2
c1 c2 0

 6= 0 (2.3)
and, hence, b21 + b
2
2 6= 0, c
2
1 + c
2
2 6= 0 at µ = 0.
Now we consider condition D separately for Cases I and II.
Case I. The tangent plane P ue(M−) to W ueloc at point M
− has equation x2 = 0. The
equation of T1(Pue(M
−)) at µ = 0 is obtained by putting x2 = 0 into (2.2). Then the
transversality of T1(P
ue(M−)) and W sloc (y¯ = 0) yields c1(0) 6= 0. The tangent vector
to the line T1(Pue(M
−)) ∩W sloc at point M
+ is (b1(0), b2(0), 0). The equation of the leaf
F ss(M+) is {x1 = x
+
1 , y = 0}. Therefore, the tangency of T1(P
ue(M−)) and F ss(M+)
implies b1(0) = 0. In this case b2 6= 0 and a
2
11 + a
2
12 6= 0 because of (2.3). Thus, in Case I
map T1(µ) has form (2.2) where
b1(0) = 0 , c1(0) 6= 0 and b2(0) 6= 0.
Case II. The equation of T1(P
ue(M−)) at µ = 0 is the same as in Case I. Then the
tangency of T1(P
ue(M−)) and W sloc at µ = 0 implies that c1(0) = 0. Also, the tangent
vectors to the lines T1(Lu) and to F
ss(M+) at point M+ are non-parallel if b1(0) 6= 0.
Thus, in Case II map T1(µ) has form (2.2) where
c1(0) = 0 , b1(0) 6= 0 and c2(0) 6= 0.
The main goal of the paper is to study bifurcations of single-round periodic orbits of
diffeomorphisms close to f0. Every point of such an orbit can be considered as a fixed
point for the corresponding first return map Tk, where k can run all sufficiently large
integers. These maps are constructed as the composition Tk = T1T
k
0 : Π
+ → Π− → Π+,
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where, recall, Π+ ⊂ U0 and Π
− ⊂ U0 are small neighbourhoods of the homoclinic points
M+ and M−, respectively. If we take a point M ∈ Π+, then its iterations under the local
map T0 can reach Π
−. Such points form on Π+ a set consisting of infinitely many three-
dimensional strips σ0k = T
−k
0 (Π
−) ∩ Π+, k ∈ {k0, k0 + 1, . . .}. Accordingly, σ
1
k = T
k
0 (σ
0
k)
is a (three-dimensional) strip on Π−. Strips σ0k and σ
1
k accumulate on W
s
loc ∩ Π
+ and
W uloc ∩ Π
−, respectively, as k → ∞. The global map T1 maps the strip σ
1
k into a three-
dimensional horseshoe T1(σ
1
k) ⊂ Π
+. By the definition, map Tk = T1T
k
0 : σ
0
k → Π
+ , k ∈
{k0, k0 + 1, . . .}, is the first return map. Since T1 is the n
th
0 power of fµ, any fixed point
of Tk corresponds to a single-round periodic orbit of fµ of period k + n0.
We consider three-parameter families fµ1,µ2,µ3 of diffeomorphisms close to f . Naturally,
a parameter µ1 of the splitting of manifolds W
s(O) and W u(O) with respect to the point
M+ is considered as one of the governing parameters. It is seen from (2.2) that
µ1 ≡ y
+(µ) . (2.4)
As the second parameter, we consider a parameter µ2 resolving the degeneracy con-
nected either with condition DI (in Case I) or with condition DII (in Case II). It is
convenient to take directly
µ2 = b1(µ) in Case I (2.5)
and
µ2 = c1(µ) in Case II. (2.6)
Finally, the third parameter should control the Jacobian J = λ1λ2γ of fµ at the saddle
Oµ. Therefore, we put for all cases
µ3 = 1− λ1λ2γ (2.7)
Thus, the family fµ1,µ2,µ3 can be considered as a general unfolding of the corresponding
non-simple homoclinic tangency under conditions A–D.
We construct the first return maps Tk using formulae (2.1) and (2.2). By such a way
we obtain a formula for Tk in the initial (small) variables (x1, x2, y) ∈ U0 and parameters
µ1 and µ2. Next, we rescale the initial variables and parameters
(x1, x2, y) 7→ (X1, X2, Y ) , (µ1, µ2, µ3) 7→ (M1,M2,M3) ,
with asymptotically small (as k →∞) factors, in such a way that map Tk is rewritten, in
the rescaled variables and parameters, as some regular three-dimensional quadratic map
(the limit form) plus asymptotically small (as k →∞) terms. Moreover, new coordinates
(X1, X2, Y ) and parameters (M1,M2,M3) can take arbitrary finite values at large k. This
result is formulated as the following lemma.
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Lemma 1 (Rescaling Lemma). Let fµ be the three parameter family under consider-
ation. Then, in the space of the parameters there exist infinitely many regions ∆k accu-
mulating to µ = 0 as k → ∞, such that the map Tk in appropriate rescaled coordinates
and parameters is asymptotically Cr−1-close to one of the following limit maps.
1) In Case I, the limit map is
X¯1 = −M3X2, X¯2 = Y, Y¯ =M1 −X1 +M2X2 − Y
2, (2.8)
where
M1 = −dγ
2k(µ1 + λ
k
1c1x
+
1 + ν
1
k), M2 = c1(µ2 + ρ
1
k)(λ1γ)
k, M3 = J1(λ1λ2γ)
k, (2.9)
and ν1k = O(|γ|
−k + λˆk), ρ1k = O(|λˆ/λ1|
k).
2) In Case II, the limit map is
X¯1 = Y, X¯2 = X1, Y¯ =M1 +M2X1 +M3X2 − Y
2, (2.10)
where
M1 = −dγ
2k[µ1 − γ
−ky− + λk1(µ2x
+
1 + ν
2
k)], M2 = b1(µ2 + ρ
2
k)(λ1γ)
k,
M3 = J1(λ1λ2γ)
k (2.11)
and ν2k , ρ
2
k = O(|λˆ/λ1|
k + |λ1|
k).
If M3 is separated from zero, maps (2.8) and (2.10) are equivalent (map (2.8) takes
form (2.10) after scaling X1 → −M3X1). Then dynamics of the first return maps for
µ ∈ ∆k is the same as for the three-dimensional He´non map (0.1).
Thus, we need only to proof the Rescaling Lemma.
3 Proof of Lemma 1.
Note that under the assumptions A and B we have that |λ1| > |λ2|, |λ1γ| > 1 and
|λ2γ| > 1. In principle, the maps Tk are rescaled differently in the Cases I and II.
However, there is a preparation part of the proof that is conducted in the same way for
both the cases.
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3.1 Preparation form of map Tk for rescaling.
Using (2.2) and (2.1) one can write the map Tk = T1T
k
0 for sufficiently large k and small
µ in the form
x¯1 − x
+
1 (µ) = a11(λ
k
1x1 + λˆ
kξk1(x, y, µ)) + a12(λ
k
2x2 + λˆ
kξk2(x, y, µ))+
+b1(y − y
−(µ)) + O((λˆk + λ2k1 )‖x‖
2 + |y − y−|2),
x¯2 − x
+
2 (µ) = a12(λ
k
1x1 + λˆ
kξk1(x, y, µ)) + a22(λ
k
2x2 + λˆ
kξk2(x, y, µ))+
+b2(y − y
−(µ)) + O((λˆk + λ2k1 )‖x‖
2 + |y − y−|2),
γ−ky¯ − γˆ−kηk(x¯, y¯, µ) = µ1 + c1(λ
k
1x1 + λˆ
kξk1(x, y, µ)) + c2(λ
k
2x2+
+λˆkξk2(x, y, µ)) + d(y − y
−)2 +O((λˆk + λ2k1 )‖x‖
2 + λk1‖x‖|y − y
−|+ |y − y−|3) .
(3.1)
We shift coordinates x1new = x1− x
+
1 (µ) +φ
1
k(µ), x2new = x2− x
+
2 (µ) + φ
2
k(µ), ynew =
y − y−(µ) + ψk(µ), where φk, ψk = O(|λ1|
k), in such a way that the right sides of (3.1)
do not contain constant terms for the first two equations and linear in ynew terms for the
third equation. Then (3.1) takes the form
x¯1 = a11λ
k
1x1 + b1y + (λˆ
k + λ2k1 )O(‖x‖) + λ
k
1O(|y|) +O(y
2),
x¯2 = a21λ
k
1x1 + b2y + (λˆ
k + λ2k1 )O(‖x‖) + λ
k
1O(|y|) +O(y
2),
y¯ − (γˆ/γ)−kηk(x¯+ x
+ + φk, y¯ + y
− + ψk, µ) = Mk + d(1 + s
1
k)γ
ky2+
λk1γ
k(c1x1 + (|λ1|
k + |λˆ/λ1|
k)O(‖x‖)) + λk1γ
kO(‖xy‖) + γkO(y3),
(3.2)
where s1k = O(λ
k
1) and
Mk = γ
k[µ1 − γ
−k(y− + . . . ) + λk1(c1x
+
1 + . . . )] (3.3)
and dots stand for coefficients tending to zero as k →∞.
Consider the third equation of (3.2). First of all, we transform its left side. Namely,
we write y¯−(γˆ/γ)−kηk = y¯+(γˆ/γ)
−k[η0k+η
1
k(x¯, µ)+η
2
k(y¯, µ)+η
3
k(x¯, y¯, µ)] where η
1
k(0, µ) =
0, η2k(0, µ) = 0 and η
3
k = O(‖x¯y¯‖). Next, we transfer constant term (γˆ/γ)
−kη0k into the right
side and join it to Mk; we substitute x¯ from the first two equations of (3.2) into function
η1k(x¯, µ) and transfer the obtained function to the right side. After this, all coefficients (in
the third equation) get additions of order O(γˆ−k) and a new linear term pky = O([γˆ/γ]
−k)y
appears. By the shift of coordinates of the form (x, y) 7→ (x, y) + O([γˆ/γ]−k), we vanish
both this linear term and constant terms in the right sides of the first and second equations.
Note also, that now the left side of the third equation can be written as follows
y¯ + (γˆ/γ)−kO(y¯) + (γˆ/γ)−kO(‖x¯y¯‖) =
= y¯(1 + qk) + (γˆ/γ)
−kO(|y¯|2) + (γˆ/γ)−kO(‖x¯y¯‖)
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where qk = O([γˆ/γ]
−k). After this, we can write system (3.2) in the form
x¯1 = a11λ
k
1x1 + b1y + (λˆ
k + λ2k1 )O(‖x‖) + λ
k
1O(|y|) +O(y
2) ,
x¯2 = a21λ
k
1x1 + b2y + (λˆ
k + λ2k1 )O(‖x‖) + λ
k
1O(|y|) +O(y
2) ,
y¯(1 + qk) + (γˆ/γ)
−kO(|y¯|2) + (γˆ/γ)−kO(‖x¯y¯‖) = Mk + dγ
k(1 + sk)y
2+
+λk1γ
k
[
c1x1 + (|λ1|
k + |λˆ/λ1|
k + γˆ−k)O(‖x‖)
]
+ λk1γ
kO(‖xy‖) + γkO(y3) ,
(3.4)
where sk = O(|λ1|
k + |γˆ/γ|−k) and new Mk satisfies (3.3).
3.2 Proof of item 1 of Lemma 1.
In the Case I we have b1(0) = 0, c1 6= 0 and b2 6= 0. We choose µ1 and µ2 ≡ b1(µ) as the
governing parameters. Consider map (3.4) and introduce new coordinates
x1new = x1 +
1
c1
(|λ1|
k + |λˆ/λ1|
k + γˆ−k)O(‖x‖) , x2new = x2 , ynew = y ,
i.e. we take as x1new the expression from the square brackets in the third equation of
(3.4). Then (3.4) is rewritten in the form
x¯1 = (a11 + aˆ
1
k)λ
k
1x1 + aˆkx2 + (µ2 + ρ
1
k)y + (λ
2k
1 + λˆ
k)O(‖x‖2) +O(y2) ,
x¯2 = a21λ
k
1x1 + (b2 + rˆk)y + (λ
2k
1 + λˆ
k)O(‖x‖) +O(y2) ,
y¯(1 + qk) + λ
k
1O(|y¯|
2) + λk1O(‖x¯y¯‖) = Mk + λ
k
1γ
kc1x1 + dγ
k(1 + sk)y
2+
+λk1γ
kO(‖xy‖) + γkO(y3) ,
(3.5)
where ρ1k, rˆk = O(λ
k
1) and aˆk = O(λ
2k
1 + λˆ
k). Now we rescale the coordinates as follows
y = −
γ−k(1 + qk)
d(1 + sk)
Y , x1 =
γ−k(1 + qk)
c1d(1 + sk)(λ1γ)k
X1 , x2 = −
(b2 + rˆk)(1 + qk)γ
−k
d(1 + sk)
X2.
Then system (3.5) is rewritten in the new coordinates as follows
X¯1 = −JkX2 +M2Y +O(λ
k
1) ,
X¯2 = Y +O(γ
−k) ,
Y¯+ =M1 −X1 − Y
2 +O(γ−k) ,
(3.6)
where formula (2.9) is valid for M1, M2 and Jk. Note, that the coefficient Jk in (3.6) is
nothing other as the Jacobian of map (3.6) in the point X = 0, Y = 0, and, hence, Jk
coincides, in the main order in k, with the Jacobian of map T1T
k
0 .
We introduce the new X1-coordinate as follows: X1new = X1 −M2X2. After this the
rescaled map (3.6) takes the form (2.8) with M3 = Jk.
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3.3 Proof of item 2 of Lemma 1.
In the Case II we have c1(0) = 0 and b1 6= 0. We choose µ1 and µ2 ≡ c1(µ) as the
governing parameters. Consider map (3.4) and introduce the new coordinates as x1new =
x1 , x2new = x2 − (b2/b1)x1 , ynew = y. Then (3.4) recasts as
x¯1 = a11λ
k
1x1 + b1y + (λˆ
k + λ2k1 )O(‖x‖) +O(y
2) ,
x¯2 = a
′
21λ
k
1x1 + (λˆ
k + λ2k1 )O(‖x‖) +O(y
2) ,
y¯(1 + qk) + λ
k
1O(|y¯|
2) + λk1O(‖x¯y¯‖) = Mk + dγ
k(1 + sk)y
2 + λk1γ
k(µ2 + ρ
2
k)x1+
+λˆkγkO(|x2|+ ‖x‖
2) + λk1γ
kO(‖xy‖) + γkO(y3) ,
(3.7)
where ρ2k = O(|λ1|
k+ |λˆ/λ1|
k), a′21 = a21− (b2/b1)a11 andMk = γ
k[µ1−γ
−ky−+λk1µ2x
+
1 +
O(λˆk + λ2k1 )] in the case under consideration. Since c1(0) = 0, condition J1 6= 0 (see
(2.3)) implies that a′21(0) 6= 0 and therefore a
′
21(µ) 6= 0 for small µ. Now we rescale the
coordinates as follows
y = −
γ−k(1 + qk)
d(1 + sk)
Y , x1 = −
b1γ
−k(1 + qk)
d(1 + sk)
X1 , x2 = −λ
k
1γ
−k b1a
′
21(1 + qk)
d(1 + sk)
X2 .
After this, we can rewrite (3.7) in the following form
X¯1 = Y +O(λ
k
1) ,
X¯2 = X1 +O
(
(λ1γ)
−k
)
,
Y¯ =M1 +M2X1 + JkX2 − Y
2 +O(λk1).
(3.8)
where formula (2.11) is valid for M1, M2 and Jk. It completes the proof.
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